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$1. INTRODLJCI’ION 
IN THIS paper we define a simple geometric operation, disc decomposition, which when 
successfully applied to a surface R in S3 implies that R is a surface of minimal genus for the 
oriented link L = dR, that there exists a C”, transversely oriented foliation 9 of S3 -&T(L) 
such that 9 I$ aN(L), R is the unique compact leaf (when R # D*), the union of the non- 
compact leaves fibre over S’ with fibre a connected non-compact leaf and if L is a knot, 
longitudinal (O-frame) surgery yields an irreducible 3-manifold. 
If L is a non-split oriented alternating link, link of I 9 crossings, knot of I 10 crossings, 
flat arborescent link (these include the pretzel knots), or fibred link then L bounds a surface 
which is disc decomposable. We show that the surface gotten by applying Seifert’s algorithm 
to an alternating projection is disc decomposable thereby giving a geometric proof of the 
result due independently by Murasugi [123 and Crowell[3] that such a surface has minimal 
genus. We give tables indicating the genera of the oriented nonalternating knots and links of 
< 10 and < 9 crossings respectively. The computation of the genera of the arborescent links 
including the disc decomposability of surfaces bounding flat ones and the decomposability of 
the fibres of fibred links can be found in [S] and [7]. 
The non-splitness condition is necessary by Novikov’s work [13]. 
02. PRELIMINARIES 
Notation 2.1. If R is a properly embedded compact oriented surface in a compact oriented 
manifold then [R] denotes the homology class that R represents. If S is a submanifold of M 
then N(S) denotes a product neighborhood of S in M. If R and S are oriented submanifolds of 
M and dim R + dim S = dim M then ( R, S ) denotes their algebraic intersection number. J!? 
denotes the interior of E, C$ means transverse to. 
Dejnition 2.2. Let L be an oriented link in S3, then R is a surface ofminimal genus for L if R 
is an incompressible Seifert surface for L with oriented boundary L, no component of R is 
closed and x(R) 2 x(S) for any surface S with these properties. 
Remark 2.3. This definition generalizes the classical notion of minimal genus surface for 
knots to surfaces spanning oriented links in S3. 
Definition 2.4. Let S be a compact oriented surface S = itJlsi.si connected, then define 
the norm of S = x(S) = x IXtsi)l. 
dXG,) < 0 
In [lS] Thurston defines a pseudonorm on H,(M, SM) and H,(M ). We review the 
definition of the Thurston norm presenting it in a slightly more general context. 
Dqhition 2.5. Let M be a compact oriented 3-manifold. Let K be a codimension-0 
submanifold of SM. Let ZE H, (M, K). Define the norm of‘; = x(z) = Min (x(S) 1 (S, ZS) is a 
properly embedded surface in (M. K) such that [S] = z E H2 (M, K) I\. 
Dejnition 2.6. Let S be a properly embedded oriented surface in the compact oriented 
3-manifold M. then S is norm minimizing in H,(M, K) if ZS c K, S is incompressible and 
x(S) = x( [S]) for [S] E H, (M, K). 
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THEOREM 2.7. (Thurston) [lS]. Let M be a compact oriented 3-manifold. Let 3 be a 
codimension-1, transversely orientedfoliation without Reeb components of M such that 9 is 
transverse to ZM. If R is a compact leaf then R is norm minimizing (as an element of 
H, (M, dM )). 
$3. SUTURED MANIFOLDS 
Definition 3.1. A sutured manifold (M, y) is a compact oriented 3-manifold M together 
with a set y c dM of pairwise disjoint annuli A(y) and tori T(y). 
The interior of each component of A(y) contains a suture i.e. a homologically nontrivial 
oriented simple closed curve. We denote the set of sutures by s(y). 
Finally every component of R(y) = ZM -i is oriented. Define R+(y) (or R_(y)) to be 
those components of aM -i whose normal vectors point out of (into) M. The orientations on 
R(y) must be coherent with respect o s(y) i.e. if 6 is a component of ZR(y) and is given the 
boundary orientation then 6 must represent the same homology class in H, (y ) as some suture. 
Example 3.2 (Fig. 1). 
M.0’ 
(0) 
M=D*xS’ 
(b 1 
Fig. 1. 
M=D*xS 
(c ) 
We now restate Theorem 2.7 for sutured manifolds. Thurston’s proof of Theorem 2.7 
works in the more general setting of sutured manifolds. 
THEOREM 3.3. Let (M, y) be a sutured mani$old. Let 9 be a transversely orientedfoliation of 
M such that F is transverse to y and tangent to R(y), 9 has no Reeb components and 9 1 y has 
no Reeb components. If S is a compact leaf of 4 then S is a norm minimizing surjace representing 
a class of H,(M, y). 
Example 3.4. If (M, y) is a sutured manifold smoothly embedded in the closed oriented 
3-manifold N then (N -&f, y) has a natural sutured manifold structure. 
Remark 3.5. The rest of this paper involves the study of sutured manifolds embedded in 
S3. Furthermore all sutured manifolds subsequently considered satisfy T(y) = $J and every 
component of dM intersects ynon-trivially. Under these circumstances the sutured manifold 
is determined by M and s(y). 
Definition 3.6. Let R c S3 be a compact oriented surface no component of which is closed. 
Let M = N(R) = R x I; then, (M, y) = (M, aR x I) is a sutured manifold in S3. The 
orientation on R induces the orientation on s(y) = ZR x i/2 and R + (y) and R _ (y) correspond 
to the two ‘sides’ of R. 
Example 3.7 (Fig. 2). 
R = D2 
(M, y) viewed in Example 3.2a 
(b) 
R=S’xl 
(M, y) viewed in Example 3.2b 
Fig. 2. 
FOLIATIONS AND GENERA OF LINKS 383 
Of course not every sutured manifold in S3 arises in this way e.g. Figure l(c). 
We now define an operation which when performed allows us to associate to a sutured 
manifold a new sutured manifold in S3. 
De3nition 3.8. Disc Decomposition. Let (M,, yO) be a sutured manifold in S3. Let D x I be 
embedded in S3 -&I, where D is a 2-disc so that D x 81 is properly embedded in S3 - &, and 
A = dD x I is embedded in dM,. Further suppose A 4 yO, A + s(y,)and each arc of dA n yO 
intersects ( yO) exactly once. 
Define (%K,)-%%J,) 
where M, = M, u D x I and s(y,) is obtained from s(y,) by modifying s(y,) near D x I, 
i.e. so nMO = s(Y,) n (dM, ndM,) = s(Y,) naM,. 
To complete the construction of s(y, ) we connect he endpoints (y,) n dM, along the circles 
dD x 1 and aD x 0 using the following rule. If an endpoint X x 1 c D x I of s(y,) n dM, 
connects to its clockwise (counterclockwise) neighbor, say from the point of view of an 
observer standing on D x 1, then the endpoint X x 0 connects to its counterclockwise 
(clockwise) neighbor. 
Remark 3.9. A disc decomposition is determined by the attached 2-handle D x I ana’ the 
way s(y,) is constructed. When D n s(yO) = 2 points the disc decomposition is uniquely 
determined by the 2-handle, when D n s(y,) > 2 points there are two distinct ways to 
construct s(yi). Observe that D n s(y,) = 2n points. . 
In example 3.10 we see a local view of disc decomposition. 
Example 3.10 (Fig. 3). 
Fig. 3. 
De$nition 3.11. Let (M,, yO ) be a sutured manifold in S3. Suppose that there are 
operations 
(M,, ;‘o) & (Mr. i’l) D’-(M,,y,)-. . .-%s W,,+iiJ 
such that 
(1) M, is connected 
(2) SM, is a union of spheres S,, . . , S,. 
(3) Si n s(;‘,) is a simple closed curve for 1 5 i I k, 
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then we say (MO, yO) is completely disc decomposable, such a sequence is a complete disc 
decomposition and if (M,, y,,) is obtained from R then we say that R is disc decomposable. 
Example 3.12 (Fig. 4). 
1 
DISC 
decomooshon 
Fig. 4 
Remark 3.13. Example 3.12b involves three disc decompositions, each intersecting the 
sutures exactly twice. By Theorem 4.1 we will be able to conclude that dR fibres over S’ with 
fibre R. 
THEOREM 3.14. Let (M,,yo) be a sutured manifold in S3, ij (M,,?,) is completely disc 
decomposable then, there exists a C” transversely oriented foliation 9 of S3 - $I, = N, such 
that 9 + yO and R(y,) is a compact leaj’with the normal to R_ (yO) (R, (;‘,,)) pointing into (out 
of) NO. 
If ni ( W ) # 1 for W a component of N, then, 
* p: W -R(y,) + Space of leaves 9 I( W’--R(:,)) 
is a fibration over S’, where p is the map which contracts each leaf to a point. 
If for some decomposition of (M,, yO) every D,+, which does not separate S3 -fii 
satisfies Di+ 1 n s(y,) = 2 points, then there exists a foliation gi as above with * replaced by 
the property that Pi has only compact leaves. 
The proof is deferred until $5. 
94. MAIN RESULTS 
Tn~ort~~4.1, Let R be an oriented surface in S3. Let L be the oriented link L’R. lj R f D2 is 
disc decomposable then 
(1) There exists a C” transversely orientedfoliation 9 oj S3 -N(L) such that S 4 iN(L), 
9 )aN( L) has no Reeb components and R is the unique compact leaj. 
(2) p:S3 - (&(L)uR) --) Space of’ leaves of’ FI(S’ - (fi(L)“R)) is a jzbration over S’, 
where p contracts each leaf to a point. 
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(3) R is a surfhce of minimal genus for the oriented link L. 
(4) If R has a decomposition such that@ each term (Mi, yi)D”l (Mi+‘,, yi+ J ofthe 
decomposition, either Di+ 1 separates S3 -&I, or Di+ 1 n s(yi) = 2 points then L is a 
jibred link with$bre R. 
Proof: Given a disc decomposition of R apply Theorem 3.14 to construct he foliation To 
(or si) on S3 -MO where (M,, yO) is the sutured manifold obtained from R. By gluing 
R + (yO) to R _ (y,,) we achieve the desired foliation (fibration). This proves (1) and (2) (and (4)). 
By the construction R is necessarily connected and not closed. Since it is the unique compact 
leaf g has no toral leaves; hence 9 has no Reeb components o by Thurston’s Theorem 2.7 
(3) holds. 
Applications 4.2. The non-split (i.e. L lies in a single component of S3 -S for any 
embedded sphere S c S3 -L) links in the following classes have Seifert surfaces and 
foliations satisfying the results of 4.1. 
(1) oriented alternating links 
(2) fibred links 
(3) oriented links of I 9 crossings 
(4) knots of I 10 crossings 
(5) many oriented arborescent links (often called algebraic links Cl, 23) including the 
classical pretzel knots. 
Prooj: (1) Alternating links-any Seifert surface gotten by applying Seifert’s algorithm to 
an alternating projection of an oriented alternating link is completely decomposable. This is 
proved in §6. In particular these surfaces are minimal genus. This fact was first independently 
proven by Crowell[3] and Murasugi [12]. In the case of knots they computed the Alexander 
polynomial A of K and observed that these Seifert surfaces allow one to conclude that the 
inequality 
genus K 2 l/2 degree (A) 
is equality. For links the minimality of the surfaces was proven by considering analogues to 
the Alexander polynomial. 
(2) Fibred links-If L is a fibred link with fibre F then F is disc decomposable by discs 
intersecting the sutures exactly twice. This fact is proven in [7]. 
(3) Oriented links of I 9 crossings-These are the links in Rolfsen’s [ 151 tables. If L is an 
oriented link in this class then, with 4 possible exceptions (listed below) these links possess disc 
decomposable Seifert surfaces. Every exceptional case satisfies 4.1 and the foliation can be 
constructed by hand. Explicit minimal genus surfaces are exhibited in [4] and the results are 
summarized below for the non-alternating links. Notice that a link of k components has 2’- ’ 
orientation classes to be considered. The numbers to the right of a link indicate the absolute 
values of the Euler characteristic of the different minimal genus corresponding to different 
orientation classes. A *indicates that the surface of [4] is disconnected hence not 
decomposable. 
7: 2,4 
72 2,2 
8;s 232 
8& 2,4 
923 436 
9:4 434 
6:: I,LI,3 
6; 1,1,3,5 
8; 1,3,3,3 
8; 3,3,3,3 
9i5 2,4 44 
9& 232 $i 2’4 
9:, 2,2 9;: 2;6 
9:s 2,4 9i4 2,4 
9& 2,6 9& 4,4 
9$, 2,4 9:, 4,4 
$0 373,395 
9i: 
3,3,3,5 
$6 
3,3,3,5 9;; 
9:5 3,5,5,5 9:9 
9:, 494 
3,3,3,5 3355 
I,3,3,5 ;i; 1:*;;, 3,3 
3,3,3,3 
3,3,5,5 
8’: 2,2,2,2,4,4.4,4 8’: 0*,0*,2,2,2,2,4,4 
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(4) Knots of ZZ 10 crossings-These are the knots in Rolfsen’s tables. Each of these knots 
possesses a Seifert surface which is completely decomposable. Surfaces for the non- 
alternating knots are explicitly given in [4]. The results are summarized below. 
8 3 19 10 124 4 lo,,, 2 IO,,, 2 lOi 3 
8 2 20 10 125 3 lo,,, 2 lo,,, 2 1015, 3 
8 2 21 10 126 3 lo,37 2 lO,,s 3 lo,,, 3 
9 2 42 10 127 3 lO,,* 3 1o,49 3 10i6, 3 
9 3 43 10 128 3 lo,,, 4 lo,,, 3 lo,,, = lo,,, 3 
9 2 44 10 129 2 1o,4o 2 1oi5, 3 
9 2 45 10 130 2 lO,,i 3 lo,,, 4 lo,,, 2 
9 1 46 10 131 2 1o,42 3 lo,,, 3 lo,,, 3 
9 3 47 10 132 2 lo,,, 3 1o,54 3 lo,,, 2 
9 2 48 10 133 2 lo,,, 2 1o,55 3 lo,,, 2 
9 2 49 10 134 3 lo,,, 2 1oi5, 3 
The numbers to the right of the knot indicates its genus. One should observe that for these 
knots genus K = 1/2deg A. This is not true for the knots of 11 crossings. Figure 5 shows disc 
decomposable minimal genus Seifert surfaces for the two knots with trivial polynomial. See 
[lo] and [2]. The numbers 471, 473 refer to knots in Perko’s [14] tables. The other 
information is Conway’s notation for the knot. 0 
(5) Arborescent links-The genera of the arborescent links are computed in [S] using 
more general sutured manifold operations to construct foliations. Many of these links, the 
‘flat’ arborescent links, which include the pretzel knots, possess disc decomposable Seifert 
surfaces, some of which have vanishing Alexander polynomial. 
Dejinition 4.3. If k is a knot in S3 then longitudinal surgery (or O-frame surgery) on k is the 
unique Dehn surgery yielding a 3-manifold M with H, (M ) # 0. 
THEOREM 4.4. Zf k is a non-trivial knot in S3 and 9 a transversely oriented foliation of 
S3 -h(k) such that 9 I$ aN(k), F and FIoN(k) have no Reeb components, some 
Seifert surface R is a compact leaf, and every leaf L is proper and satisfies L - L is a union bf 
compact leaves, then the manifold M obtained by doing longitudinal surgery along k is 
irreducible. 
Proof. We show 9 I d (N (L)) is a foliation by circles. If not there exists connected leaves L, 
S of 9 such that S is compact, some component I of dL is non compact and one end of ,? limits 
on S. 
We now show that dS is connected. [ZS] = nlcH, (aN(k)) where n is the number of 
components of dS and I = d R is the longitude because if two components of dS bounded an 
.-(3,2).2 
/ 471 
\ 
.2.-(3.2) 
473 
Fig. 5. 
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oriented annulus A then 9:(A would contain a Reeb component. It follows that [S] 
= nM, (S3 -&V(k), aN(k)) = Z. Thurston shows in [18] that a connected non separating 
surface must represent a primitive homology class so n = & 1. 
Since one end E of i, limits on S there exists no compact leaves close to S lying on the E side 
of S. Using the fact [16] that the union of compact leaves of 9 is compact we can conclude 
that one can isotope S slightly to get S’ where 2 n 123’ = 1 point, &S’ is transverse to 
9 la(N(k)) and SL n U = 0 where U is an open set containing the compact leaves of 9. Since 
L is proper and L -L is a union of compact leaves, L - U is compact; hence, after a further 
small isotopy (fixing ZS’) we can assume that L rf~ S’. Since dS’ has positive, but finite, 
algebraic intersection number with dL (which is the geometric intersection number since 
f 1 dN (k) is Reeb component free) 0 # a[S’ n L] E H, (8’). This contradicts the fact that d: 
H, (T, Z) + H, (ET) is trivial if T is a compact surface with connected boundary. 
We have shown that 9 1 d(N (L)) is a foliation by circles. Since some leaf of 9 is a Seifert 
surface these circles must be longitudes. 
M is the manifold gotten by capping off the circles of 9 IaN by discs. If 9’ is the 
induced foliation on M, then 9 ‘ is transversely oriented and 9’ has no Reeb components; 
hence by Novikov [13] (see 92 of [6]), Rosenberg [17] and Reeb [16], M is either irreducible 
or M = S2 x S’ and 9 ’ is the product foliation. If the latter holds then R is a disc, hence k is 
unknotted. 0 
COROLLARY 4.5. If’R c S3 is disc decomposable and k = dR is connected, then longitudinal 
surgery on k yields an irreducible 3-manifold. 
COROLLARY 4.6. Longitudinal surgery on alternating knots, fibred knots, knots of I 10 
crossings,jlat arborescent knots (which include the pretzel knots) yield irreducible 3-manifolds. 
0 
Definition 4.7 (see [ll]). A knot k in S3 satisfies property R if no surgery on k yields 
Sz x S’. The Poenaru conjecture is that no surgery on a non-trivial knot yields S2 x S’ # N 
where N is a homology 3-sphere. It follows that if longitudinal surgery on k yields an 
irreducible 3-manifold then k satisfies property R and cannot be a counterexample to the 
Poenaru conjecture. 
$5. THE CONSTRUCHON 
Proof of Theorem 3.14. Let (M,, y,,) -&(M,, rI) ___+. . . _!L+ W,, Y,,) b a corn- 
plete disc decomposition of the sutured manifold (M,, yo). Let (Ni, yi) denote the sutured 
manifold (S3 - fii,ri). We prove 3.14 by induction on the length n of the decomposition. 
When n = 0, (N,,y,) = (S x Z,dS x I) where S is a union of 2-d&s. Let 9 be the product 
foliation on S x I. Assuming the theorem for complete disc decompositions of length I n - 1 
we prove it for length n. Let Z be the foliation constructed on (N,, y,) gotten by applying 
Theorem 3.14. We construct the foliation 9 on (N,,yO). 
Case 1. D, n s (yo) = 2 points. 
N, is constructed from N, by taking two solid squares E0 and E, embedded in y1 and 
gluing them together by g: E0 + E, 
No <-- -- N, 
Fig. 6. 
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We construct he foliation 9’ on (No, ye ) by choosing g so that the leaves of% I E, glue to 
X I E, in the appropriate way e.g. if 
p: N, -R(y,)+Space of leaves of& IN, -R(y,) 
is a fibration over S’, where p is the map contracting each leaf to a point, then one glues E, to 
E, so the diagram commutes 
E,-R(y,) 4 E, -R(;‘, 1 
Note that 3i? IEi is the product foliation on I x 1. 
9:’ is topologically conjugate to a C” foliation 9 satisfying the conclusions of 3.14. 
If some foliations 1 of (N 1 , yl ) has every leaf compact, then by choosing the appropriate 
g the induced foliation 9, on (N,, v,, ) has every leaf compact. 
Case 2. D, n s(y,) > 2 points. 
We prove the theorem in the case D, n s(yi) = 4 points, for the proof in the other cases 
is similar. 
We construct a foliation X on E x Iw c Iw3 where E is a solid octagon. (Fig. 7(a)). X will 
be invariant by translation in the R direction, rotation by rr, and (rotation of the E factor by 
7r/2) composed with (reflection of the R factor about any point in R). We define e, x R i even to 
be leaves of X. The remaining leaves are topologically 2-discs with 4 closed arcs removed 
from the boundary (Fig. 7(b)) and geometrically saddles with 4 ends (Fig. 7(c)). Two ends 
approach e4 x R and e, x R asymptotically near - cc and the other two ends approach e2 and 
e6 asymptotically near + cc. The leaves are stacked on top of each other in E x [w like tightly 
fitting chairs. X can be defined by the l-form dw = - h, dy + hi dx + (1 - hi + h,)dz where 
hi : E x Iw + [0, l] for appropriately chosen R invariant functions h, and h,. 
Example 5.1. How to construct codimension-1 transversely oriented foliations Fi on the 
sutured manifolds (Mi, yi) (Fig. 8) such that the space of noncompact leaves is S’ and 9, is 
transverse to yi and tangent to R(yi) for i = 1,2. 
(c) 
(a) (b) 
Fig. 7. 
(M,.yl) (Mzryz) 
Fig. 8. 
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W r, yr) is obtained b y a mg the quotient of E x W by the Z action generated by t k’ 
(x, Y, a) + (x, Y, r + 1) 
Note that y1 is the image of e, x 08 i odd. Since X is invariant under translation, X induces a 
foliation R;, on (M,, 7,). Similarly (M,, y2) is obtained by quotienting E x R by the Z action 
generated by 
(x, Y, z) -) ( --x3 -.I>, z + 1) 
Since X is also invariant under rotation by T it induces a foliation 9, on (M,, y2). 
By gluing R + (y2) to R _ (y2) we obtain the manifold M = S3 -R(L) where L is the link of 
Fig. 2(b). If one extends .!P-, to M one obtains the foliation L@ whose unique compact leaf is the 
surface of Fig. 2(b). 9 furthermore satisfies the conclusion of Theorem 4.1. 
How to prove case 2: Figure 9 contains the main idea of the proof of case 2. No (Fig. 9(c)) 
is obtained from.N, (Fig. 9(a)) by attaching a l-handle to N, along E, and E,. Additionally 
the suturing y0 is obtained by modifying the suturing y, as indicated in Figs 9(a, c). Assuming 
by induction that we have already constructed the desired foliation on (N,, yr ) we construct 
the desired foliation on (N,, y0). First we show that a foliated neighborhood of E, (after 
cutting away some leaves) is topologically equivalent to X/E x [0, I] and a foliated 
neighborhood of E, (after cutting away some leaves) is topologically equivalent to X (E 
x [0, I] “rotated 90’ ” (Fig. 9(b)). The desired foliation on (N,, yO) is obtained by gluing the 
singular faces together to get 9(c). (This uses the symmetry properties of X). We will then 
show how to perform the above procedure in order to insure that the constructed foliation has 
the desired structure on its space of leaves. The proof of Theorem 3.14 will now follow from 
the routine observation that any foliation on (N ,,, yO) satisfying the holonomy conditions 
imposed in the conclusion of Theorem 3.14 is topologically conjugate to a smooth foliation 
whose holonomy along the compact leaves is infinitesimally close to the identity. 
Construction 5.2. Given a foliation 9 on (N,, yl) which is transverse to y1 and to R(y,) we 
(0) 
(b) 
Fig. 9 
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(a) (b) 
Cd) 
(e) 
Fig. 10. 
show in Fig. 10 that after excising some leaves, a neighborhood of E, (Fig. 9(a)) is 
topologically equivalent o X JE x [0, 11. To obtain Fig. 10(a) from Fig. 9(a) cut away some 
leaves from a neighborhood of E,. This uses the Reeb stability theorem [161 which asserts that 
B restricted to a suitably small neighborhood of E is the product foliation E x I. The foliated 
manifold in Fig. 10(b) is obtained by isotoping the manifold in Fig. 10(a). One can think of 
this as the result of molten lava building up under the exposed face in Fig. 10(a). Finally the 
left hand side of Fig. 9(b)) is obtained by shaving off leaves from the foliated manifold in 
Fig. 10(b). To see that a neighborhood of the singular face is topologically conjugate toX JE 
x [O, l] we redraw in 10(c) only a few of the leaves een in Fig. 9(b)). A similar argument (see 
Fig. 10(d)) shows that a neighborhood of E,, after excising some leaves is topologically 
conjugate to X 1 E x [0, l] rotated by n/2. Fig. 10(e) (Fig. lO( f)) shows in more detail one 
(three) of the leaves seen in Fig. 10(c) (Fig. 10(d)). 
We now need to show that we can perform construction 5.2 so that after gluing the 
singular faces together the resulting foliation on (N,, v,,) has the desired structure on its space 
of leaves. The following Lemma is evident from construction 5.2. 
LEMMA 5.3. Let 9 be a codimension-lfoliation oj’N 1 such that 9 is tangent to R(y, ) and 4 
is transverse to yl. Suppose that there exists leaves L, and L, of’5 1 N - R(;‘, ) and disjoint 
neighborhoods U, = W, x I of’ Ei i = 1,2 such that F 1 W, x 1 has the product foliation and 
Li n tJi # 0, then construction 5.2 can be performed so that the leaf tangent to the singularjke 
corresponding to E, is contained in Li. 0 
There are several cases that need to be considered. 
Case 2A. rrr (N,) = 1 
In this case (N,, vO) = (D2 x I,, dDZ x I) and the product foliation on 0’ x I is the 
desired foliation. 
Case 28. rt, (N,) # 1 and z1 (N,) = 1 
In this case (N,, yO) is one of the two sutured manifolds depicted in Fig. 3.3. The desired 
foliation is constructed in example 5.1. 
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Case 2C. n1 (N,) # 1 and N, is connected. 
By induction we have constructed the foliation f’ on (N, , y1 ) so that the map 
p’: N, -R(y,)+ Space of leaves of 9’IN, -R(y,) 
which contracts each leaf to a point is a fibration over S’. 
If L is a leaf of F’IN, -R(y,), then L-L = R(y,). (Certainly Z-L c R(y,) and 
conversely if y: (0, l] + N, is a path transverse to 9’ with ye R(y,), then p’y: (0, 1) + S’ is 
a map of infinite degree, hence R ( y1 ) c z). By lemma 5.3 we can perform the construction so 
that the leaf tangent to the singular face corresponding to Ei is contained in L. 
We now glue the singular faces corresponding to E, , E, together in such a way that if f is 
the induced foliation on (N,, yO), then p’ extends to a map 
T: N, -R(y,)+S’ 
which is constant on the leaves of 9. Perform the gluing in 2 steps. First glue the leaves 
tangent o the singular faces together. See Fig. 11. (The union of the two foliated manifolds 
exhibited in Fig. 11 (a, b) glued along the saddle shaped leaf is a neighborhood of the foliated 
manifold obtained by gluing only the leaves tangent o the singular faces correponding to E, 
and E, together. For extra clarity we have shaved the other leaves a tiny bit. Note that the 
foliated manifold in Fig. 11 (a) is just the foliated manifold in Fig. 11 (b). By construction r 
identifies the tangent leaves to the same point of S’. Now glue the remaining leaves together 
and extend I exactly as in case 1. 
Since r is constant on leaves and the space of leaves of 9 ’ I N I - R ( y 1 ) is S ’ it follows that r 
induces an immersion 
q: space of leaves of PIN, -R(y,) + S’. 
If q was of finite degree then the quotient map 
p: N,-R(y,)+spaceofleavesoffIN,-R(y,) 
is a fibration over S’. One may see directly that r is of finite degree. More indirectly if r was of 
infinite degree, then every leaf would be compact. (Else by the Reeb stability theorem, the fact 
that a limit of compact leaves is compact and the fact that every leaf is proper there exists an 
interior leaf Q with non trivial holonomy. But then q could not be an immersion near Q.) We 
can then modify 9 to 9 as in lemma 5.4 so that the quotient map 
P: No -R(y,)-rspaceofleavesof BIN,-R(y,) 
is a fibration over S’. 
Case 20. N, is disconnected with components J, and J, and z1 (Jz) = 1. In that case 
(N,. yO) = (J1, R(y,) A J1) and the proof follows by induction. 
lb) 
Fig. 11. 
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Case 2E. N, is disconnected with components J,, J2, n, ( Ji) # 1 i = 1,2 and there does 
not exist a foliation on (N,, rl) with every leaf compact. 
Let 9’ be as in Case 2C. Pick leaves &E~‘I Ji i = 1,2 such that p’(L,) = p’(L,). Now 
complete the construction exactly as in case 2C. In this case each leaf of 9 I N, - R(-;,) is non 
compact since there exists a neighborhood U, of some component of R(y,) such that 9‘ I U is 
topologically equivalent o S I U2 where Uz is a neighborhood of a component of R(y,). 
Case 2F. N, is disconnected and there exists a foliation 9’ of (N, , yl ) such that every leaf 
is compact. 
We first show that there exists a foliation p1 of (N,, yO) such that g1 has only compact 
leaves. Let J, and J, be the components of N,. By hypothesis the map 
p’: Ji + space of leaves of 4’1 Ji 
is a fibration over i. By a reparametrization, if necessary assume that p’ (R + (y I ) n J1) 
=p’(R+(y,)nJ,)=O.LetLi~~‘~Jii=1,2beleavessuchthatp’(L,)=p’(L,)~(O,1).By 
proceeding almost exactly as in case 2C we construct a new foliation 9, on (N,, yO) such that 
p’ extends to a map 
p: N,+I 
which is constant on leaves and the induced map q on the space of leaves is an immersion. 
Every leaf of 9, is compact else there exists a leaf with non trivial holonomy contradicting the 
fact that q is an immersion. To show that there exists a foliation p0 of (N,, y,,) such that the 
space of leaves of 9,, 1 N, - R(y,) is S’ we invoke lemma 5.4. cl 
LEMMA 5.4. Let S # D2,S2 be a compact, connected, oriented surface. If either M = S x I 
and 9 is the product jbliation or Mjbres over S’ withJibre S and 9 is the foliation byfibres, 
then M has a codimension-1, C”, transversely orientedfoliation F0 such that F0 is transverse to 
either 8M or 8s x I and the map 
p: Non compact leaves of ?FO + Space of non compact leaves of 9, 
where p contracts each leaf To a point is afibration over S’. F0 will have 1 compact leaf (aformer 
leaj’of 9) if Mjbres over S’ or 2 compact leaves (S x (0, 11) if MJibres over 1. 
Proof We prove the lemma in the case M fibres over S’ with fibre a closed surface. The 
other cases are similar. Let S be a leaf of 9, then M -S is homeomorphic to S x (0, 1). Let y be 
a simple, closed non separating curve in S and give (S - fi (y)) x [0, l] the product foliation. 
Extend this foliation to a foliation 9’ on S k [0, l] by viewing S x [0, l] as the identification 
space 
S-h(Y) 
(x, 0, t) - (x5 4f‘W) 
where x E y, aN(y) = y x (0, l}, t E [0, l] andf: [0, l] -+ [0, l] is a C” diffeomorphism such 
that for a E { 0, 1) 
$(a) = 
1 n=l 
0 n>l 
and for aE (0, l)f‘(a) > a. 
M is obtained by gluing S x 0 with S x 1 and 9,, is obtained by 
$fj. GENERA OF THE ALTERNATING LINKS 
extending 9’ to M. 
0 
THEOREM 6.1. Let L be a nonsplit alternating link. .lf R is a Seijhrt surface gotten by applying 
Seij&rt’s algorithm to an alternating projection, then R is disc decomposable. 
Proof: We review Seifert’s construction [15]. Given a regular projection of the oriented 
link L replace each xor >c by x to get a finite set of simple oriented closed curves 
FOLIATIONS AND GENERA OF LINKS 393 
on S’. These circles are called Seifert circles. Span the circles by pairwise disjoint embedded 
discs in S3. Finally create the spanning surface by connecting pairs of discs by twisted bands, 
one band for each crossing of the projection. 
Note that R is connected if and only if L is nonsplit. 
We prove the theorem by induction on I x(R)J. 
Case 1. The Seifert circles are nested. 
Let E. be a Seifert circle and let C, and Cz be the two components of Sz -A. We assume that 
1 is a circle such that each Ci contains a Seifert circle. If Ri is the surface constructed by using 
only Seifert circles lying in Ci then Ri is a surface gotten by applying Seifert’s algorithm to an 
alternating projection of a link Li, Ri is connected and R is a Murasugi Sum [83 of R, and R2. 
Let @Ii, ri) be the sutured manifold in S3 obtained from R, and let (N, 6) be the sutured 
manifold in S3 gotten by removing a 3-ball Bi from ki for i = 1,2 and glueing aB, to a&. 
Certainly (N, 6) is completely disc decomposable ifand only if both (M,, yl) and (M2, y2) are 
completely disc decomposable. 
Now consider (M, y) the sutured manifold obtained from R. Corresponding to the disc 
bounding 1, there exists a canonical properly embedded separating disc D c S3 - $I such that 
Groph of S2 
Fig. 12. 
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for thecorrect decomposition along D. Since Max( Ix(R,)[, Ix(Rz)l) < Ix(R)) Case 1 follows. 
For a more general discussion of this operation see [S] or [9]. 
Case 2. The Seifert circles are unnested. 
R can be represented by an embedded graph G c S2 where discs spanning Seifert circles 
correspond to vertices and edges correspond to half twisted bands connecting the discs. To 
reconstruct R from G we need only know whether L alternates in the positive or negative 
sense. Positive twisting means that each edge 
I 
is replaced by \ 
I K 
By untwisting trivial twists we can assume that no point of G separates G. If ncI (G) = 1 
then S is a disc. Otherwise there exists an embedded isc D c S2 such that b n G = 0 and 
dD c G. Suppose that D intersects n vertices V,, . . . , k’” and n edges b’l ri+ 1 i = 1, . . . , n 
mod n. Let (M, y) be the sutured manifold obtained from R. D represents a properly 
embedded isc E c S3 -M with E n s(y) = n points. Applying disc decomposition along E 
we get a new sutured manifold which is obtained from a connected surface R, spanning an 
oriented alternating link with graph H which is a quotient of G and can be obtained as follows. 
(i) Identify the vertices Vi 1 5 i I n if i is even (odd) to a single vertex b’. 
(ii) Identify the edge V2kp’Zlr+l with edge V2k_1 I/.Zk ( b.2k+1 V2k+2 with b’,, C’21i+ 1 ).
Indices are written mod n. 
The parenthetical statements indicate the possibly two different H’s we can obtain 
corresponding to the different ways we can perform disc decomposition along E (Fig. 12). 
Since x(R,) = x(R)+ 1 Case 2 follows. 0 
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